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Theorem 1 Let M be an SCM that is uniquely solvable w.r.t.
L. Then M and its marginalization Mmarg(L) are interventionally equivalent w.r.t. the complement of L.
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Abstract

In this work (Bongers et al., 2016) we give a general treatment
of structural causal models (SCMs) in the cyclic setting.
We show that if one is only interested in a particular subset of
endogenous variables, one can under certain conditions arrive
at a more parsimonious representation of the SCM by means
of marginalizing out endogenous and reducing exogenous
variables.
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An SCM is uniquely solvable if the structural equations have
a unique solution. Every acyclic SCM is uniquely solvable. Extending the above model to the SCM M:
fh(x, e) = xu + xj + ea
fi(x, e) = xj + eb
fj (x, e) = αxi
leads to a non-uniquely solvable SCM for α = 1.
Unique solvability implies that the SCM has a solution in
terms of random variables (X, E):
E
(1) P = PE
(2) X = f (X, E) a.s..
that has a unique distribution.
Perfect interventions modelled à la Pearl. The perfect intervention do(j, 5) on M changes the causal mechanism of fj
to
fj (x, e) = 5
which yields a uniquely solvable SCM Mdo(j,5).
Cyclic SCMs are challenging, since unique solvability is not
guaranteed (not even preserved under perfect interventions).
Marginalization

Define the marginalization Mmarg(L) over the subset of endogenous variables L by

fmarg(L)(x, e) := f gL(x, e), x, e
where gL is the induced mapping obtained by solving the struc1
tural equations of fL for the variables L. For α = 2 this gives
xh = xu + e a + e b
gh(x, e) = xu + ea + eb
=⇒ gi(x, e) = 2eb
xi = 2eb
xj = e b
gj (x, e) = eb

Define the exogenous reparametrization Mrep(φ) with respect to a reparameterization φ by frep(φ) such that

fred(φ) x, φ(e) = f (x, e).
In the example, this gives:
frep(φ),u(x, ẽ) = ẽu
φu(e) = eb + ec
=⇒
frep(φ),v (x, ẽ) = xu + ẽv
φv (e) = eb + ed
Theorem 2 An exogenously reparametrized SCM is interventionally equivalent to the original SCM.
Corollary 1 Every real-valued SCM M can be exogenously
reparametrized to a real-valued SCM Mrep(φ) with only a single
one-dimensional real-valued exogenous variable.
Reduction

A reduction Mred is an interventionally equivalent SCM with
a smaller space of exogenous variables.
By Corollary 1, reductions always exist, however fred is typically very wild (hard to estimate from data!).
We introduce a class of nice reductions that generalize
smooth reductions of linear models and Markovian models.
Theorem 3 Nice reductions do not exist in general.
For example, no nice reduction exists if we change fv to:
fmarg(L),u(x, e) = eb + ec
fv (x, e) = xuxj + ed =⇒
fmarg(L),v (x, e) = xueb + ed
Discussion

What parameterisations of SCMs should we use, given that nice
reductions do not exist?
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